Resumo: This work presents the application of Linear Matrix Inequalities to the robust and optimal adjustment of Power System Stabilizers. The controllers generated guarantee robust stability and performance with respect to various operating points. We propose an algorithm that minimizes the norm of the controllers gain matrix while guarantees the damping factor specified for the closed loop system, using the pole placement technique.
INTRODUCTION
Dynamic performance and control of power systems considering small signal models is a subject of utmost importance to the power industry, and a discussion about modeling and control techniques in this area is presented in [1] , [2] and [3] .
Robust Control of Power Systems considering the small signal modelling has been the subject of many researches during the last years. H ∞ Control was applied to a single machine against an infinite bus, while µ -synthesis was used to ensure robust stability and performance of Power Systems in [4] . Techniques like LQG / LTR (Loop Transfer Recovery) were also explored [5] . Nevertheless, the most flexible technique in terms of grouping different requisites involves the use of Linear Matrix Inequalities (LMI's). LMI's have been used in many control applications [6] , and as examples of their applications in power systems we have [7] , [8] and [9] . In these papers, however, the controller generated by the LMI algorithm is full order; the adjustment of Power System Stabilizers (PSS's) with pre-defined structure is handled only in [9] , although it is of practical importance to the power industry.
References [10] and [11] apply LMI's to robust pole placement in generic systems, but the controllers generated are full order, and the formulation does not permit to define the structure of the controller. [9] applies LMI's to power systems stabilization, pre-defining the structure of the controller and the controller poles (the results are presented for a single machine-infinite bus system).
The idea of this paper is to create a novel framework that turns possible to place the poles of the closed-loop system in a desired region of the complex plane using decentralized and pre-defined controller structure, like that described in [12] , in order to enhance the dynamic performance of the power system for various operating points. The controller structure flexibilization is an important feature explored in this paper. At the same time, LMI's permit to restrict the static gain of the controller, another important feature explored in this work.
In the second section, we present the power system model used in the paper and the closed loop system, as well as its structure; in the third section, we derive the mathematical formulation for placing the poles of the system in a specified region of the complex plane considering various operating points; in the fourth section, experimental results are shown and discussed, and finally the last section presents the conclusions of this work.
POWER SYSTEM STABILIZERS AND THE SYSTEM CLOSED LOOP STRUCTURE
The power system model to be described here is that used in small signal stability studies. The fundamental equations that define the physical behavior of a power system, linearized around an operating point, are described in [13] . The generic model is the following:
where x is the state vector, y is the output vector (or measurements vector), and u is the input vector (or control vector). The controller to be used is the Power System Stabilizer (PSS), whose structure is pre-defined, what is an important case considering the practical implementation of the control system. Generally, if this constrained structure for the PSS is considered, then the implementation of the proposed control will be feasible. This constrained structure is given by the following transfer function [12 
where n is the number of machines of the power system, and each K i (s) has the structure given by (2) . Then, each PSS will be linked to a machine of the system. The controllers matrix K(s) given by (3) can be rewritten in state space form as:
To define the matrices of model (4), we can use state space realizations, like those described in [14] .
Matrices B C and D C have block diagonal structure and they are the variables of the control problem. Applying the controller (4) to the system described by (1), we have the following description for the closed-loop system:
In order to simplify the formulation, we apply a transformation that turns the dynamic controller adjustment problem into a static controller problem. This method is the same presented in [9] . We define the following matrices:
The static controller gain is defined as follows:
The modified system, which is equivalent to (5), is given by:
. . . .
POLE PLACEMENT THROUGH LMI's WITH PRE-DEFINED STRUCTURE CONTROLLERS
Linear Matrix Inequalities (or simply LMI's) are mathematical tools that have several applications in control theory, mainly in the area of robust control.
Our objective is to place the poles of the closed-loop system in a region of the complex plane that is given by the conic sector. We have the fundamental LMI for pole placement using controllers with pre-defined structure [15] : If we want to design a decentralized controller, the matrices Q and N must have a block diagonal structure. The structure of N is defined by the structure of B C and D C .
Summarizing the procedure for decentralized pre-defined structure controller design, we have the following algorithm:
1. Firstly, evaluate matrices A m , B m and C m of the modified system (6) and define the performance specification for the closed-loop system (that is, the value of θ). Solve the system of LMI's given by (9) and Q > 0 in the variables Q and N; 2.
Compute the matrix M, given by . .
Compute the static gain matrix
Recover the controller matrices D C and B C (7) ; 5.
Compute the transfer function of each decentralized controller, using A C , B C , C C and D C .
Constraining the static gain
Once we are working with a static controller formulation for a dynamic controller, it is interesting to bound the norm of the static gain matrix K C in order to avoid infeasible values for the controller parameters. To bound the norm of the controller matrix K C = N.M -1 , we do the following:
. 0
The values of k N and k Q are design parameters and have to be chosen carefully.
The robust procedure
As we make use of small signal stability models, power systems described by nonlinear models are linearized around some operating point. However, this operating point represents the behaviour of the system in a specific condition, and changes in the operating point occur frequently. Thus, due to changes in the loads or even in the configuration of the power network, it is necessary to ensure that the power system will present good performance even in case of variations in the operating point. To deal with this problem, we will make use of the polytopic models [6] .
To ensure that the poles of any closed-loop system associated to a specific operating point will lie in the region of the complex plane defined by the conic sector, we have to solve m LMI's jointly in the same variables Q and N, that is: 
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for i = 1, 2, … , m , with:
cl i m i m m A Q A Q B N C = +
A i , i = 1, 2, … , m are the state transition matrices that define the power system mathematical model, and each of these matrices represents nonlinear models linearized around one specific operating point. The procedure for recovering the controller gain matrix is the same described before.
A more efficient way to solve the control problem consists on defining two new variables, k Q and k N (see (10)), and doing a minimization over these new variables. In the section Constraining the Static Gain, we saw that the values of k Q and k N bound the norm of matrix K C (or the controller static gain matrix). Therefore, minimizing the values of these two variables means minimizing the control effort. So, we define a minimization problem:
subject to constraints (10), (11) and Q > 0, for i = 1, ..., m.
EXPERIMENTAL RESULTS AND DISCUSSION
The case to be studied here is the New England system. It has nine synchronous machines with power system stabilizers and one machine (number 39) modeled as an infinite bus. The system contains 39 AC buses represented as constant impedance; more details can be found in [12] . The original IEEE type I automatic voltage regulators were changed to static excitation systems with time constants fixed in 0.05s. There are many unstable eigenvalues, as well as low damped eigenvalues in this system at this operating conditions. We applied the robust method presented in section The Robust Procedure to this power system model, considering the 8 operating conditions given in table I and the following performance specification: ξ = cos θ = 0.1 .
The software that implements the robust control algorithm was developed with the help of some functions from the LMI Toolbox of MATLAB. To solve minimization problems, we used the function mincx. To solve the problem given by LMI's (11) and get decentralized controllers, the matrix Q has to be block diagonal; furthermore, some elements inside these blocks have to equal zero, due to the structure of matrices M and C. Imposing this structure to matrix Q drives the LMI problem to infeasibility in this case. However, we can use an effective approximation to handle this problem. Considering matrix Q block diagonal, we don't impose those specific elements inside the blocks to equal zero. By doing so, the evaluation of matrix M becomes an approximation, being no more exact. Then, to ensure that the controller obtained places the closed-loop poles of the power system into the desired region of the complex plane, we have to apply it to the system and plot the closed loop eigenvalues.
The function mincx reached convergence to the solution in approximately 400 iterations. The parameters obtained for all the robust controllers are given in table II. The controllers parameters are referred to equation (2 Figure 1 shows the critical open loop eigenvalues (o) and the closed loop eigenvalues (x) plotted together. We can see that the specification of pole placement was satisfied and, more than this, the system reached a damping factor of at least 15% for all operating points.
Once the controller gain matrix was approximately obtained, it can be mathematically verified that the robust controllers place the eigenvalues of the system in the specified region of the complex plane (defined by the damping factor of 15 %). To do so, we have to find a matrix Q (positive definite) that satisfy the following LMI's:
We have to substitute matrix K C obtained by the robust control algorithm in the LMI's above. In this case, we have solved these LMI's (using LMI toolbox of MATLAB), for 8 operating points, having as a solution for the problem a positive definite matrix Q. Thus, it is verified that the controllers obtained place the eigenvalues of the power system in the specified region of the complex plane indeed (conic region defined by minimum damping factor of 15 %).
In order to validate the proposed controller, some nonlinear simulations were performed. In figure 2 , we have the time response of the phase difference between generators 31-33 and 39 (infinite busbar) for operating condition 10 (load increase of 20 %). Besides, we have the time response of the frequency of generators 31, 34, 35 and the time response of the accelerating power of generators 30-32. In this case, it was applied a 3-phase short circuit at bar 6 after 0.1 s, followed by break in line 6-5 after 0.1 s. The results show that the robust PSS's guarantee a good performance for the power system, once the settling time of the time responses is less than 2.5 s. 
CONCLUSIONS
In this work, we presented a new procedure for pole placement in power systems using LMI's, that makes possible to use pre-defined structure controllers (PSS's, for example). The robust control algorithm choses the controller with minimum gain that guarantees a specified damping factor for the power system.
One of the main advantages of the formulation adopted in this work is that it turns possible to use the controller structure usually employed in power systems applications (that is, the PSS), becoming easier to implement the controllers obtained.
By using the framework proposed here, we can specify the transient response characteristics desired for the system, relate them to the location of the closed-loop system eigenvalues, define the specifications and then solve a minimization problem. It will yield a robust solution for the pole placement problem (i.e., the controller will work for all the operating conditions considered).
The algorithm was applied to a nine-machine power system, and good results (in terms of performance) were obtained. The results of the nonlinear simulations validated the robust controllers designed for the power system, showing that they guarantee good performance and stabilization to the closed loop system indeed.
